Coherent x-ray production by a seeded free electron laser (FEL) is important for next generation synchrotron light sources. We examine the feasibility and features of FEL emission seeded by a highorder harmonic of an infrared laser (HHG). In addition to the intrinsic FEL chirp, the longitudinal profile and spectral bandwidth of the HHG seed are modified significantly by the FEL interaction well before saturation. This smears out the original attosecond pulselet structure. We introduce criteria for this smearing effect on the pulselet and the stretching effect on the entire pulse. We discuss the noise issue in such a seeded FEL.
Short-wavelength Free-electron Lasers (FELs) are considered to be the next generation of synchrotron light sources. The dominant scheme for the x-ray FEL (XFEL) is Self-Amplified Spontaneous Emission (SASE) [1] [2] [3] [4] . Due to a short longitudinal coherent length, SASE FEL pulse consists of a series of ultrashort spikes, and is therefore longitudinally incoherent, yet it has good transverse coherence. Cascaded high gain harmonic generation (HGHG) [5] [6] [7] [8] [9] , seeded by high-order harmonic generation (HHG) from an infrared (ir) laser source shows promise for improving the longitudinal coherence [10, 11] . HHG can provide a seed ranging from the uv to the soft x-ray region, making it feasible to consider longitudinal and transverse coherent XFEL in the hard x-ray region.
The HHG electric field consists of multiple orders, s with wavenumber, k s and angular frequency, ω s , and multiple pulselets, n as a double summation: where E s,0 is the peak amplitude of the electric field. For each order, the temporal structure is a sequence of 2N +1 ultrashort pulselets with attosecond structure which is referred as the attosecond pulse train (APT). Pulselet peaks occur at times, t n = nτ /2 where τ is the ir laser period. With multiple orders the duration of a single attosecond pulselet (SAP) is significantly less than one femtosecond and limited by the relative amplitudes and spectral phases of the different orders [12] . The temporal envelope of the entire HHG pulse has an rms duration * The work of JW and PRB was supported by the US Department of Energy under contract DE-AC02-76SF00515. has two terms. The first term is an intrinsic order-dependent dipole contribution that scales linearly with some coefficient, A s , but also depends on the ir laser intensity, I ir laser frequency, ω ir and laser pulse rms duration, σ t,ir . The second term is inherited from the chirp, b ir of the ir laser waveform. We neglect the well-known positive chirp of multiple order emission that is attributed to the spectral phase delay of the different orders as well as contributions from time-dependent alterations to the refractive index of the gaseous conversion medium (e.g., ionization effects).
We consider an HHG seed with central frequency (carrier) being only a single harmonic order, s. For simplicity, we neglect the chirp B s . The HHG seed field reduces to:
This APT is simply the amplitude modulation of a single carrier frequency, ω s . We use σ t,0 = 10 fsec, σ t,s = τ /10 ≈ 267 attoseconds in the Fourier transform limit, and the ir laser wavelength λ ir = 800 nm in this letter.
To illustrate the derivation, we focus on a single pulselet of Eq. (2) for which n = 0 and t n = 0 and
2 ). In the transform limit, σ t,s σ ω,s = 1/2 and the rms pulselet bandwidth, σ ω,s = ω s √ α s . The seeded FEL is: [14, 15] 
where
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Here σ ω,GF (z) is the rms bandwidth of the FEL Green function for a coasting electron beam with the Pierce
is the Lorentz factor of the electron resonant energy with λ s the s th order HHG seed wavelength; K ≈ 93.4B w λ w where B w is the undulator peak field in Teslas and period λ w in meters;
and J 1 being the 0 th -order and 1 st -order Bessel functions; k w = 2π/λ w ; R 0 is the electron beam hard edge; I pk is the peak current; and I A ≡ 4π 0 mc 3 /e ≈ 17045 Amp, the Alfvèn current. For a unchirped seed
. The emittance of the FEL light at any po-
, indicating a fully longitudinally coherent FEL [14] . For adequately large z, R(z) 1 and the FEL emission is characterized as:
As in Eq. (4), the FEL interaction can significantly reduce an initially broadband seed within a short distance, thereby extending its temporal duration and smearing out attosecond structure.
We have defined a critical location, z c within the undulator (z = 0 as the entrance plane) where the FEL Green function bandwidth is reduced to the incident seed pulselet bandwidth, i.e., R(z c ) = 1 [11] when we take σ ω,s = (σ ω,s ) pulselet . If the incident seed pulselet bandwidth ratio, (σ ω,s /ω s ) pulselet exceeds the critical bandwidth ratio, (σ ω,s /ω s ) c , where
z c is less than the power gain length,
In this letter, we address a simple generic FEL amplifier using a linac coherent light source (LCLS)-type undulator [16] with λ w = 3 cm and undulator parameter K = 3.5. For 30 nm HHG seed, i.e., the 27 th harmonic, we scale the LCLS-type electron beam parameters according to the resonance condition. The system has ρ = 6.3 × 10 −3 , so L G = 0.22 m. For these parameters, z c = 0.18 m. Hence, the attosecond pulselet structure is smeared out quickly as in Fig. 1 (a) . Assuming a seed power of P s = 5 MW [17] , saturation happens at L sat = 4.2 m with a power of 12 GW.
With this example it is important to note that, although we consider only a single order carrier frequency, for adequately short σ t,s (σ t,s = τ /10 here), the transform limited seed spectrum can include components from neighboring harmonic orders. In Fig. 1 (b) , the spectrum components of the 25 th and 29 th harmonics are seen clearly in the initial seed. However, as shown in Fig. 1 (b), these components disappear quickly. To better characterize this spectrum narrowing behavior, we introduce a second critical location, z s where the FEL Green function FWHM bandwidth reduces to that of the nearest neighboring harmonic, i.e., 2 ln(2)σ ω,GF (z s )/ω s = 2/s. For the above example, z s = 0.04 m. The smallness of z s guarantees that the simplification from Eq. (1) to Eq. (2) is an extremely good approximation, i.e., the FEL acts like a narrow bandwidth filter so that the adjacent harmonics are essentially irrelevant.
In addition we define a third critical location, z e for which the FEL Green function bandwidth is reduced to that attributed only to the longer temporal envelop of the entire HHG seed pulse, i.e., σ ω,GF (z e ) = (σ ω,s ) pulse = 1/(2σ t,0 ) for a transform limit seed. Notice that R(z e ) 1, and (σ ω,s ) pulse (σ ω,s ) pulselet at z = 0, hence z e is large enough for any attosecond pulselet structure to have been lost. If the bandwidth of the entire pulse, (σ ω,s ) pulse is narrower than a critical ratio
where L sat ≡ f λ w /ρ is the seeded FEL saturation length. Notice that L sat is a fraction f of the SASE FEL saturation length, i.e., f = 1 for SASE. For the above example, f ≈ 0.9. Shown in Fig. 1 (b) , the numerically obtained rms bandwidth of the 27 th harmonic is almost 1/(2σ t,0 ), which is the rms bandwidth determined by the pulse envelope. For the above example, z e ≈ 253 m. Since z e L sat , there is no bandwidth reduction on the entire pulse, hence no pulse stretching.
As a summary, we require z s z c < L G to ensure Eq. (2), i.e., taking only the resonant frequency, being a good approximation. We require z c < L G to render the HHG seed pulse similar in effect to a typical harmonic seed generated by wave mixing in an anisotopic crystal, i.e., lacking the attosecond pulselet structure. Furthermore, to eliminate temporal broadening of the entire HHG pulse envelope, we also need z e > L sat . The combination of the latter two conditions means that
The latter two conditions also suggest a constraint on the incident HHG seed pulse temporal structure, i.e. a comparison of the longer temporal envelope and the much shorter pulselet structure. In the transform limit, the z c < L G condition requires that for seed harmonic order, s the pulselet timescale, σ t,s < 1/(6 √ 2ρsω ir ). 
.
With ω ir τ = 2π, m l > 3, and σ t,0 > 1.3 fsec for the above example. Increasing the Pierce parameter or the harmonic order reduces the σ t,0 minimum and therefore the required minimum pulselets number, m l .
Undulator radiation and SASE FEL always exist as noise [18] in a seeded FEL. The effective start-up noise power for the fundamental SASE guiding mode is [9, 19] 
where the coupling factor is found to be [19] , C m (a) ≈ 
Considering the above mentioned case with L w ≈ L sat and I pk = 3.4 kA, we have a ≈ 2.2, so that C 1 ≈ 0.09. According to Eq. (6), the SASE effective start-up noise power in the fundamental guided mode is P Start−up SASE ≈ 60 W. We consider the plane, z = 2L G where the attosecond structure is lost (z c 2L G ) and the relevant seed bandwidth ratio σ ω,s,f /ω s is the pulse bandwidth ratio. For σ t,0 = 10 fsec in the transform limit, this ratio is about twenty four times smaller than the SASE bandwidth ratio of 1.9 %. The true start-up noise power is reduced from 60 W to 2.5 W. For a cascaded FEL scheme (HGHG), we estimate the seed power P s level required to generate XFEL radiation with good longitudinal coherence of wavelength, λ r in terms of the noise-to-signal (NTS) ratio. For HGHG, the NTS ratio amplification scales as n 2 h with n h = λ s /λ r = (λ ir /λ r )/s [9, 18] . Hence, the final XFEL NTS is NTS r = n [20, 21] . Furthermore as shown in Eqs. (6) and (7), the true startup noise power depends on various FEL parameters. With more detailed simulation, these parameters can be separately optimized to reduce NTS within the constraint of preserving the exponential FEL power gain.
